Direct numerical simulations of the Taylor-Couette (TC) problem, the flow between two coaxial and independently rotating cylinders have been performed. Reynolds numbers of up to 3 · 10 5 , corresponding to frictional Reynolds numbers Re τ ≈ 4000 were reached. The gap between the cylinders was kept small by fixing the radius ratio to η = r i /r o = 0.909. Small gap TC was found to be dominated by large scale structures, which are permanent in time and known as Taylor rolls (TRs). TRs are attached to the boundary layer, and are active, i.e they transport angular velocity through Reynolds stresses. Evidence for the existence of logarithmic velocity fluctuations, and of an overlap layer where the velocity fluctuations collapse in outer units was also found. An externally imposed axial flow of comparable strength as the wind of the TRs was found to convect them without any weakening effect.
Introduction
Direct numerical simulations (DNS) are a very versatile tool for the study of turbulence, and have led to deep insight on its nature in the last 30 years. The seminal work of Kim et al. (1987) began a line of simulations of wall-bounded flows which is very active in the present day. Kim et al. (1987) studied a particular kind of wall-bounded flow, namely pressure-driven (Poiseulle) flow bounded by two parallel plates, from now on referred to as channel flow. After this seminal work, which achieved Re τ = 180, simulations of wall-bounded flows focused mainly on channel flows, even if some attention was given to zero-pressure-gradient boundary layers (ZPGBL) and pipes. Present day simulations achieve much higher frictional Reynolds numbers: Re τ = 4600 for channels Lozano-Durán & Jiménez 2014) , Re τ = 2000 for ZPGBL (Sillero et al. 2013) and Re τ ≈ 1100 for pipes (Wu & Moin 2008) . DNS has allowed for detailed study of the near-wall energy cascade and for correlations between different canonical flows to be established. This has lead to further understanding of the attached-eddy model of the logarithmic layer by Townsend (1976) , further developed by Perry & Chong (1982) ; Perry et al. (1986) . We refer the reader to Jimenez (2012) for a recent review of advances in this field. DNS of shear driven flow between two parallel plates, i.e. plane Couette (PC) flow has been even more challenging. This is due to the extremely large and wide structures present in the turbulent flow, seen both experimentally and numerically (Bech et al. 1995) . DNS of PC requires much larger computational boxes than that of channels, a factor 10 in both spanwise and streamwise directions. This meant that only this year Re τ = 550 was achieved by Avsarkisov et al. (2014) and more recently Re τ ≈ 1000 ). An alternative to having two independently moving parallel plates is having two independently rotating coaxial cylinders. Such system is known as cylindrical Couette flow or Taylor-Couette (TC) flow. TC is a closed system, which makes experimental realizations easier to construct. Furthermore, TC does not require the large computational boxes of PC, which makes higher Re τ easier to achieve in DNS.
However, TC flow is fundamentally different from PC flow. Unlike PC (and all the flows mentioned previously) TC is linearly unstable if (d(r 2 ω)/dr) 2 < 0, where r is the radial coordinate and ω the angular momentum. Faisst & Eckhardt (2000) explored the transition from PC to TC, and found that only for radius ratios η = r i /r o > 0.99, where r i and r o are the inner and outer cylinder radios respectively, the sub-critical PC instabilities overcame the super-critical TC instabilities.
Therefore, adding a minute curvature to PC changes the flow properties drastically. Bradshaw (1973) was the first to note "the surprisingly large effect exerted on shear-flow turbulence by curvature of the streamlines in the plane of the mean shear", when studying boundary layers over curved surfaces. For curved channels Hunt & Joubert (1979) and Hoffmann et al. (1985) found that adding a very weak destabilizing (concave) curvature d/R ∼ 0.01, where d is the boundary layer thickness and R the radius of curvature was found to produce significant differences in the mean and fluctuation velocity profiles. This is because destabilizing curvature adds a new mode of instability, which is reflected as Taylor-Görtler vortices in the flow and a change in the flow dynamics. We note that pipes are not a member of this group. The natural curvature of pipes is in planes perpendicular to the mean shear, so its effects are milder.
Both channel flow and TC have been used as a playground for investigating drag reduction through deformable bubbles or riblets (Choi et al. 1993; van den Berg et al. 2005; Lu et al. 2005; van Gils et al. 2013; Zhu et al. 2015) . From the previous discussion, we would expect significant differences between both systems, but instead, very similar results were obtained. In both cases drag was reduced, and both the bubbles and riblets modified the boundary layer. This may be taken as an indication that as similar drag reduction mechanisms can be seen in both systems, the boundary layers in both systems may also be similar. Further evidence for such a universal behaviour was provided by recent experiments: Huisman et al. (2013) measured the mean velocity profiles in TC and obtained a von Karman constant κ ≈ 0.4 for the highest Reynolds numbers achieved (with Re τ ≈ 30000), in line with that seen in experimental pipes (Bailey et al. 2014) . Outside the boundary layer, things change. The linear instability in TC causes the formation of large-scale structures, which fill the entire channel and are permanent in time. These are known as Taylor rolls, after the seminal work by Taylor (1936) . Taylor rolls have been observed in both experiments and simulations, even up to Re = 10 6 (Huisman et al. 2014) . If the Reynolds number is large enough, Taylor rolls play very little effect in determining the torque required to drive the cylinders (Ostilla-Monico et al. 2014b) . However, their signature in the velocity field is still apparent, clearly appearing in the mean fields. An analogous structure which fills the entire domain and is persistent in time was also found in curved channels with fully developed turbulence: large scale Taylor-Görtler vortices (Hunt & Joubert 1979) .
Many fundamental differences seem to exist between pipe & channel flows and TC flow. In this manuscript we wish to further characterize the TC system in general, and in particular the effect of the Taylor rolls and of curvature. To do this, four high Reynolds number DNSs of TC flow were performed. All simulations were done for pure inner cylinder rotation, i.e. ω o = 0, and with an axial periodicity aspect ratio Γ = L z /d = 2π/3, where L z is the axial periodicity length. With this Γ, the system fits a single Taylor roll pair of wavelength λ T R = 2π/3. We focus on η = 0.909 which has a mild enough curvature to make it linearly unstable, but small enough not to be dominated by streamline topology. Simulations at shear Reynolds numbers of Re s = dω i /ν = 10 5 , Re s = 2 · 10 5 and Re s = 3 · 10 5 , were performed, where d is the gap-width d = r o − r i , ω i and ω o are the inner and outer cylinder angular velocity respectively, and ν is the kinematic viscosity of the fluid. This results in a frictional Reynolds numbers at the inner cylinder between Re τ,i ∼ 1000 and Re τ,i ∼ 4000. For TC, we define the inner cylinder frictional Reynolds number Re τ,i as Re τ,i = u τ,i d/(2ν), where the frictional velocity is u τ,i = τ w,i /ρ, with ρ the fluid density and τ w the stress at the inner cylinder wall. The frictional Reynolds number at the outer cylinder is obtained from Re τ,o ≈ ηRe τ,i .
To probe the stability of the rolls to a transversal velocity, an additional simulation at η = 0.909 and Re s = 10 5 with an imposed axial (spanwise) pressure gradient was performed. The pressure gradient resulted in an average axial velocity U w ≈ 1 10 U i , where U i is the inner cylinder velocity U i = r i ω i . This U w is of the order of magnitude of the characteristic velocity of the Taylor rolls, but small enough so that the system dynamics is not dominated by this secondary flow.
The manuscript is organized as follows. Chapter 2 presents the numerical setup, and details the simulations. Chapter 3 presents the results and discussions. The findings are summarized in the final Chapter, and an outlook for future work is given.
Numerical details
The DNS were performed using a second order centred finite difference scheme with fractional-time stepping (Verzicco & Orlandi 1996) . This scheme has been used and validated extensively in the context of TC (cf. comparison to experiments in Ostilla-Monico et al. (2014a,b) ). In order to perform the simulations at high Reynolds numbers, following Brauckmann & Eckhardt (2013) "small" computational boxes were used. Instead of simulating the full azimuthal extent of the cylinder, a cylindrical wedge was simulated by imposing a rotational symmetry n sym = 20 for η = 0.909. This gives an azimuthal extent at midgap of 1.05πd. The axial box size was also minimal, Γ was set to Γ = 2π/3 for all simulations, meaning that a single Taylor roll pair could fit in to the domain. Simulating more than one roll was shown to be unnecessary for producing accurate results for the torque by Brauckmann & Eckhardt (2013) . Furthermore, very sharp dropoffs of the axial spectra can be seen in Dong (2007) for wavelengths larger than one roll.
Full details of the numerical simulations are presented in Table 1 . To demonstrate that our small boxes are sufficient, we refer the reader to Section 3.4, which show that the boxes are large enough for the autocorrelations to change sign in both axial and azimuthal direction. As previously mentioned, the azimuthal (streamwise) correlations decay much faster than those of PC flow, and thus smaller boxes can be used. The axial and azimuthal spectra shown in section 3.5 demonstrate that the mesh is sufficient to capture the small scales. We mention that ∆z + ≈ 5 is a marginally resolved case, while for the azimuthal direction, coarser resolutions can be used without loss of accuracy.
The simulations were run for about 100 large eddy turnover times based ont = d/U i , after transient behaviour had died out. In time units based on the frictional velocity u τ and half the gap width, this is between 3 and 4 turnover times. This might seem small Table 1 : Details of the numerical simulations. The first column is the name with which the simulation will be refereed to in the manuscript. The second column is Re s , the shear Reynolds number. The third to fifth columns represent the amount of points in the azimuthal, radial and axial directions, while the sixth and seventh columns show the resolution in inner wall-units at the mid-gap, x = when comparing to channels, but it is sufficient for TC flow with pure inner cylinder rotation. The characteristic time for TC appears to be d/U i . Dong (2008) already showed the decay of temporal autocorrelations in TC to happen int ≈ 3. This fast time scale is further quantified in the left panel of Figure 1 , which presents the instantaneous torque, non-dimensionalized as a quasi-Nusselt number N u ω = T /T pa for the R1 simulation, where T is the torque and T pa is the torque in the purely azimuthal, laminar state, and the right panel of Figure 1 , which shows the instantaneous azimuthal velocity at two points for the R2 case. As we will see in more detail in Section 3.5, the Reynolds stresses which transport angular velocity are mainly localized in low-wavelength eddies, which have velocities of order O(U i ). This is not the case in channel flow, where the largest eddies are inactive, Figure 2 : Visualization of the instantaneous azimuthal velocity u θ for an azimuthal cut for the AF case at times separated byt = 10 (left and middle) and for the R2 case (right). The large scale pattern can be clearly seen all panels. The roll in the left and middle panels is slightly bent upwards due to the presence of an axial mean flow.
i.e. they do not transport Reynolds-stresses (Townsend 1976; Hoyas & Jiménez 2006) . Reynolds-stresses are transported by boundary layer detachments, or streaks, with velocity scales of O(u τ ), which then naturally leads to the time scales O(d/u τ ) for shear transport. However, for the large scales to saturate in energy, much larger times are needed. Large scales are "fed" by detachments from the boundary layers with velocity O(u τ ). This means that the transients in TC flow have time scale O(d/u τ ).
Results

Visualization of the effect of pressure gradient
As mentioned previously, we have attempted to weaken the rolls by the addition an axial pressure gradient, such that a mean axial flow U w = 1 10 r i ω i was sustained (case AF in Table 1 ). Figure 2 shows a pseudocolour plot of the instantaneous azimuthal velocity for the R2 case, and the AF case in two separate instances in time. The large scale patterns caused by the presence of an underlying Taylor-roll can be appreciated in all the panels. This roll is stationary in time in the case of the R2 simulation. For the AF case, the mean axial velocity satisfies u τ << U w << U i , but it does not prevent the formation of the Taylor rolls. Instead, it is slowly convected upwards in the computational domain, reappearing on the other side due to the axial periodicity. The formation of Taylor rolls appears to be inevitable, and this happens by the merging of the boundary layer detachments-the hairpin vortices.
Mean velocity profiles
The top two panels of Figure 3 show the mean azimuthal velocity profiles at the inner and outer cylinder, in wall units for all cases. Inner cylinder wall units are defined using u τ,i as a velocity scale and δ ν,i = ν/u τ,i as a length scale. The mean azimuthal profile is defined as a velocity difference, i.e. U + = (U i − u θ t,z,θ )/u τ,i , where φ xi denotes the variable φ averaged with respect to x i . r + is the distance to the inner cylinder r + = (r − r i )/δ nu,i . Outer cylinder wall units are defined using δ ν,o and u τ,o , and r + = (r o − r)/δ ν,o . Inner and outer cylinder wall units use different scales. The outer cylinder branch is always Table 1. slightly above than the inner cylinder branch, because the u τ,i ≈ η u τ,o , and thus U + at the mid-gap is larger in outer cylinder wall units.
Very large deviations from the classic law-of-the-wall with von Karman constants of κ = 0.4 and B = 5.2 are seen. This can be also appreciated in the bottom two panels of Figure 3 , which show the logarithmic diagnostic function
If U + is logarithmic, Ξ + should be horizontal and equal to the inverse of κ. For channels, deviations from the universal von Karman law were proposed by Jiménez & Moser (2007) and based on the overlap arguements of Afzal & Yajnik (1973) to have the following shape:
where h is the channel half-gap, and α = 1 and β = 150 are obtained from fits to the data. Bernardini et al. (2014) found the data up to Re τ = 4000 to fit well to this equation, with slightly modified constants. For PC, Pirozzoli et al. (2014) were not able to quantify the deviations of Ξ + in a systematic way. In the case of TC, fitting an equation similar to equation (3.2) to our DNS data in the logarithmic region does not lead to a good description of the data, as the effect of curvature and of the Taylor rolls is of extreme importance. A tilted S-like behaviour in Ξ + around r + ≈ 100 can be appreciated for the R2 and R3 cases, which is very similar to the one seen in PC by Pirozzoli et al. (2014) . When comparing the cases, there is still a strong dependence on Re τ of the inner layer. The peak in Ξ + at r + ≈ 10 is far from universal across our four simulations, and is probably due to the presence of the large scale structures. Our DNS data for TC at η = 0.909 are clearly insufficient to conclude anything about the deviations of Ξ + . A "bending" of the profiles away from the logarithmic law is seen in the bulk for all simulations. This is especially significant from r + > 500. For η = 0.909, this corresponds to one tenth of the gap, or only 1% curvature. Even if 1% curvature is small, it is consistent with the notion that curvature plays a surprisingly large effect, and thus we may take r + ≈ 0.1Re τ as an upper bound for the log-layer in TC for η = 0.909. This means that the effective Re τ of the simulations decreases substantially, and the possible logarithmic regions extend less into the bulk. Higher Re τ are needed in TC to see the same profiles as in channels or pipes. This is shown in more detail in Figure 4 , which compares the streamwise mean profile and Ξ + in several canonical flows. TC shows very large variability in Ξ + when compared to the other canonical flows.
If one takes the start of the logarithmic layer to be approximately at r + = 3Re
1/2 τ (Marusic et al. 2013) , and curvature effects to be dominant at r + ≈ 0.1Re τ , the range of validity of the assumptions made to obtain a logarithmic layer is reduced to 150 < r + < 400, a clearly insufficient separation of scales to see a well-developed profile. Therefore, we cannot conclude anything about the mean azimuthal profile, even if we may speculate based on experimental results (Huisman et al. 2013) that further DNS at larger Re τ will lead to the development of a region with properties consistent with those of other canonical flows. Table 1 .
Velocity and pressure fluctuations
2 . The axial average and the subtraction operations must be computed in a precise order, due to the signature of the static large scale structures on the mean fields.
The velocity fluctuations are generally lower than those seen for channels and PC flow at comparable Re τ . Except for the AF case, there is no presence of a second peak, and the level of fluctuations slightly increases with Re τ , as expected. Velocity fluctuations are also shown in outer units in Figure 6 . A reasonable collapse can be seen in an "overlap" layer. This layer is defined betweenr < 0.2, i.e. r + < 0.4Re τ , and r + > 100. In this region, u θ and u z show a small region which is consistent with logarithmic behaviour. This opens the door for the possibility of a region where overlap arguments are valid in TC. However, DNS with larger Re τ is needed to sufficiently decouple the scales, and obtain a convincing overlap layer with logarithmic profiles in the fluctuations.
The addition of an axial flow greatly increases the level of fluctuations, especially those of the radial and axial velocities. A second peak in u θ for high r + can be seen to form, and the maximum values of u r and u z becomes much larger, especially in the bulk. These results are probably due to a combined effect of the axial flow and the large scale rolls, and can be discounted.
It seems that the Taylor rolls dampen fluctuations by fixing the position of the plume ejection regions. This is further quantified on Figure 7 which compares the streamwise fluctuations for the R1 and AF cases with those of several canonical flows at around Re τ ≈ 1000. Except for PC and the R1 case, a remarkable agreement in the value of u at the peak of r + ≈ 12 is obtained, including the data from the AF case. The R1 case has a lower amount of fluctuations than the rest of the cases, again due to the constraints imposed by the fixed Taylor rolls.
Finally, we note that clear logarithmic behaviour is also seen in the overlap layer region for p in Figure 5 , and a collapse in the overlap region also happens between the R2 and R3 cases. Figure 8 shows the autocorrelations for the azimuthal (R θθ ) and radial (R rr ) velocities at the mid-gap. As mentioned previously, the azimuthal extent of the domain is sufficient, as it is large enough for the autocorrelation to change sign. This happens between 0.5 and 1 gap widths for all cases. This fast decorrelation is consistent with the finding that small computational boxes can obtain accurate results for the torque in TC, and is in contrast to PC, where azimuthal decorrelations take place in a length scale which is one order of magnitude larger, which leads to the necessity of large computational boxes are Table 1 needed (Bech et al. 1995; Tsukahara et al. 2006) . The large scale Taylor roll has a clear signature on the axial autocorrelations R θθ and especially R rr . The presence of a roll can be inferred for all cases. Again we see that the axial pressure gradient does not weaken the roll, it only convects the whole structure.
Axial and azimuthal autocorrelations
Velocity power spectra
Taylor rolls contain a significant amount of energy, both in the bulk and in the boundary layer. Figure 9 shows the azimuthal and axial spectra near the wall, for r + ≈ 12. The lowwavelength signature of the Taylor rolls is apparent in the axial spectra. This signature is not only present for Φ θθ and Φ zz , but also for the radial velocity spectra Φ rr for all cases. All cases show a maximum in the cospectra Φ θr corresponding to k θ = 0, k z = 2π/λ T R , i.e. the wavelength of axisymmetric Taylor rolls. The rolls dominate the convective transport of angular velocity through the Reynolds stresses in the boundary layer. This means that Taylor rolls are not inactive in the sense of Townsend (1976) and Hoyas & Jiménez (2006) , they actively transport angular velocity. Unlike the large scale structures in channel flow and PC flow, the rolls may be considered to be "attached" to the wall.
It might seem strange that such a large wavelength appears with the radial (wall normal) velocity near the wall, considering the impermeability condition. In channels and PC, the large scale structures reflect on the streamwise velocity near the wall. In TC, a Table 1. perturbation of locally larger azimuthal (streamwise) velocity is linearly unstable, and will gain radial velocity. Therefore, one might think of the rolls as causing a large wavelength pattern in the azimuthal velocity near the walls, which causes a locally larger formation of hairpin vortices which have radial velocity, and this reflect back on the spectra. This is due to the fundamental difference between PC and TC, the linear instability. As they form, the hairpin vortices, just like thermal plumes in thermal convection Eckhardt et al. (2007) tend to attract each other, and to merge, forming larger structures. The merging of the vortices is very apparent if the system is started from zero velocity initial conditions. The merging of the hairpin vortices forms the Taylor rolls in the bulk. Rolls dominate the spectra at the mid-gap, shown in Figure 10 . A prominent sawtooth behaviour in the axial spectra can be seen for the lowest wavenumbers. The spectra are consistent with the experiments by Lewis & Swinney (1999) , and neither show −1 nor −5/3 scaling. This is unlike the case of pipe flow (Perry et al. 1986 ), for which a −1 scaling was found, and also unlike the case of curved channel flow (Hunt & Joubert 1979) , which show the expected −1 scaling laws for the streamwise energy spectra in the streamwise direction. Also, the axial velocity spectra in the azimuthal direction do not show a −5/3 exponent which could be expected from Perry et al. (1986) .
As noticed already by Brauckmann & Eckhardt (2013) , the large-scale structures are responsible in TC for the transport of angular velocity, while the fluctuations transport on average very little, even though their instantaneous transport can be orders of magnitude higher than the mean transport (Huisman et al. 2012) . Unlike in channel flow, and curved channel flow, the Reynolds stresses in TC are maximal at the mid-gap to satisfy the conservation of angular velocity current (torque). In PC, large scale structures also form, but these are also inactive, i.e. they do not transport shear (Avsarkisov et al. 2014) . Therefore, it seems that small gap TC flow is the only flow examined up to date which involves transport by Reynolds stresses of a conserved quantity, in this case angular velocity, by large scale structures which are attached to the wall.
Summary and outlook
A series of large DNS simulations of small gap Taylor-Couette flow were conducted, reaching frictional Reynolds numbers of Re τ = 4000. Large scale structures, known as Taylor rolls form, and to play an active role in the system dynamics. Taylor rolls are present the bulk, and also are "attached" to the cylinders. They play an active role, by transporting angular velocity through Reynolds stresses. Even deep inside in the boundary layers, for r + ≈ 12, their signature is significant in the φ θr cospectra. Adding an axial pressure gradient was found to convect them slowly, but not to weaken them significantly. Their signature was still present in axial spectra in the boundary layer, and in the axial correlations of radial velocity.
The mean velocity profile of TC has significant differences from the Prandtl-von Karman log-layer profile u + = κ −1 ln y + + B with κ ≈ 0.4 and B ≈ 5.2. Large deviations for the logarithmic law are found even for 1% curvature, consistent with the notion that curvature effects are orders of magnitude larger than expected by mere dimensional analysis (Bradshaw 1973) . Fluctuation profiles were also analysed, and the presence of rolls was found to reduce the level of fluctuations. When adding a mean axial flow, the azimuthal velocity fluctuations presented coincide with those seen in other canonical flows at comparable Re τ . The velocity fluctuations were found to collapse in outer units, indicating the presence of an overlap region. Based on these findings, we expect that simulations at higher Re τ will provide enough decoupling of scales for a large enough overlap region to form, and logarithmic profiles to form in both the mean azimuthal velocity, and the axial and azimuthal fluctuations.
Further investigations should also look at the effect of strongly counter-rotating cylinders, which have a Rayleigh-stable region, and how this region affects the large scale structures. Furthermore, in Ostilla-Monico et al. (2014b) , it was found that large gaps, i.e. small η, severely weakens the rolls. Additional simulations at η around 0.5 provide more data on how the large scales interact with the boundary layers. Table 1. this research have been achieved using the PRACE project 2013091966 resource CURIE based in France at Genci/CEA.
